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We prove that the number of PGL(2. C) equivalence classes of degree d rational 
maps with a fixed branch set is generically equal to the “Catalan number” 
p(d) = (l/d)( 2j:f). Several (previously known) applications of Catalan numbers to 
combinatorics and algebraic geometry are discussed throughout the course of the 
article. ‘t 1991 Academic Press, Inc. 
1 
A nonconstant rational map of the Riemann sphere P’ is an analytic 
branched covering of P’ by P’. Such a map can always be expressed as a 
quotient of polynomials 
R(z) = P(z)/Q(~), P, Q f 0; P, Q not both constant, (1) 
where P and Q have no common factors. The degree of R is the number 
of preimages of any regular value; equivalently degree R = max (degree P, 
degree Q }. 
A point c E P’ is a branch point of R if and only if it is a critical point, 
and from the Riemann-Hurwitz formula [GH, p. 2161, it follows that the 
(not necessarily distinct) critical points of a degree d map number (2d- 2). 
We pose the naive question: Which (2d- 2) tuples in P’ occur as branch 
sets of rational maps? 
In simple cases, this can be answered directly: if B = {cl, . . . . cd- I, 
cc, . . . . cc ), ci E C for i = 1, . . . . d- 1. then B is the branch set of any map of 
the form 
K,Jdf&c,)+K,. 
1 
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On the other hand, not all configurations are branch sets: 
DEFINITION. The multiplicity of tie B is the number of j’s for which 
ci = cj. B is admissible if no ci has multiplicity > d- 1. 
LEMMA 1.1. The branch set of a rational map is admissible. 
Proof: If B is the branch set of a degree d map and c E B has multi- 
plicity k > d- 1, then points near the image of c have k + 1 > d distinct 
preimages, which is a contradiction. 1 
PROBLEM. Does the converse to 1.1 hold? 
We will prove: 
THEOREM 1.2. A (2d-2) tuple whose components are distinct is the 
branch set of a degree C; rational map. 
The map in Theorem 1.2 is far from unique since postcomposition of R 
with a rational automorphism of P’ yields a new rational map with the 
same branch set as R. The group of rational automorphisms of P’ = C u cc 
is the Moebius group PGL(2, C), and we denote by Rat, the space of 
degree d rational maps modulo postcomposition with Moebius transforma- 
tions. An element of Rat, is an equivalence class of degree d rational maps 
[R] = PGL(2, C) . R 
and the branch set of any [R] E Rat, is well defined. We will count the 
number of classes in Rat, with a given branch set. 
For d> 2, denote by p(d), the integer (l/d)( y::). 
In Section 2, the space of (2d-2) tuples is embedded in an algebraic 
variety and in Section 4 we prove: 
THEOREM 1.3. A (2d- 2) tuple B is the branch set of at most p(d) classes 
in Rat,. The maximum is attained by a Zariski open subset of B’s. 
Also in Section 4 is a discussion of the degenerate locus of B’s which are 
branch sets of strictly less than p(d) classes in Rat,. Even in degree 3, this 
locus contains configurations whose elements are distinct: 
THEOREM 1.4. Zf B= {c,, c2, cj, cd} is a 4-tuple whose elements are dis- 
tinct, then B is the branch set of a unique [R] E Rat, if and on/y if the cross 
ratio (c, , cl, c3, cd) is equal to (1 f i $)/2 and there are exactly two such 
[R] otherwise. 
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The numbers p(d) arise in combinatorics under the name “Catalan 
numbers.” 
d p(d) (4 p(d) 
2 1 I 132 
3 2 9 1,430 
4 5 11 16,796 
5 14 15 2,674,440 
6 42 20 1.767.263.190 
FIGURE 1.1. 
They first -appeared in 1838-1839 in a series of articles by Lame, Catalan, 
Rodriquez, and Binet [LCRB] showing that there are p(d) ways to insert 
parentheses into a product of d factors: 
d=3 d=4 
(a((Br) 6)) 
((Mb) 6 
(cd)($) 
a((B7) 6) 
a(P(rW) 
FIGURE 1.2. 
Several other applications of Catalan numbers are mentioned below: 
DEFINITION. A partition of a (d + 1 )-gon is a triangulation for which the 
vertices of each triangle are a subset of the vertices of the (d + 1)-gon. 
THEOREM 1.5 [LCRB, E]. There are p(d) partitions of a (d+ 1)-gon 
(see Fig. 1.3). 
FIGURE 1.3 
132 LISA R. GOLDBERG 
DEFINITION. A finite string of O’s and l’s is allowable if the number of 
O’s equals the number of l’s and the number of O’s never exceeds the 
numbers of l’s, read from left to right. 
THEOREM 1.6 [K; p. 631. There are p(d+ 1) allowable sequences of 
length 2d. 
d=2 d=3 
1010 111ooo 
1100 110100 
110010 
101100 
101010 
FGURE 1.4. 
A recent application of Catalan numbers to the dynamics of polynomials 
of one complex variable is the following: 
THEOREM 1.7 [T]. There are p(d) translation conjugacy classes of 
degree d manic polynomials in one complex variable, all of whose critical 
points are fixed. 
It is interesting that the proof of 1.7 depends on the combinatorial 
aspects of Catalan numbers, while the proof of 1.3 does not. 
PROBLEM. Give a combinatorial proof of Theorem 1.3. 
2 
For d > 0, let Poly, denote the space of polynomials whose degree is < d. 
We will identify Poly, with Cd+’ in the standard way: 
P(z) = i ajzji? v = (a,, . . . . ad). 
0 
Thus a degree d rational map R expressed in lowest terms as P/Q deter- 
mines a pair of linearly independent vectors P and Q which are well 
defined up to multiplication by a nonzero constant. Denote by X, the two 
dimensional subspace of Poly, E C d+ i they generate, and let G,(Poly,) 
denote the Grassmann manifold of two dimensional subspaces of Polyd. 
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If the matrix (: $) E GL(2, C) re p resents a rational automorphism M of 
P’, then MO R admits the lowest terms expression 
MoR=ap+flQ 
yP+6Q 
so that X, R = X, depends only on [R] E Rat,. Hence there is a well 
defined transformation from Rat, to G,(Poly,) defined by 
Reversing the process, any basis {P, Q} for X, determines a rational map 
P/Q equivalent to R by postcomposition with a Moebius transformation. 
This proves: 
PROPOSITION 2.1. The transformation [R] -+ X, is an embedding of Rat, 
into the Grassmann manifold G,(Poly,) of two dimensional subspaces of 
Poly,. 
Remark. It is a familiar idea in algebraic geometry to parameterize 
equivalence classes of rational maps by linear subspaces (of projective 
space). Our two plane X, is essentially dual to the codimension two “base 
locus” of [R] defined in Section 3. 
An unordered k-tuple of points of P’ is an element of the k-fold sym- 
metric product S,(P’). By definition, S,(P’) is the quotient of the k-fold 
product P’ x . . . x P’ by the symmetric group on k letters, and a theorem 
of Dold and Thorn [DT] asserts that S,(P’) is analytically homeomorphic 
to complex projective space Pk. Therefore, the branch set of any [R] E Rat, 
can be viewed as an element of P2d-2. 
More explicitly, a polynomial of degree d k, well defined up to multi- 
plication by a nonzero constant, can be thought of as an element of Pk, 
and the Dold-Thorn isomorphism identifies this element with the roots of 
the polynomial. (If the degree of a polynomial in Pk is m < k, it has k - m 
roots at infinity.) 
Note that the inclusion of Poly, into Poly,, I is compatible with the 
inclusion i: S,(P’) -+ S, + ,(P’) given by {c,, . . . . ck} -+ { c1 , . . . . ck, co }. 
Define a map A: Poly, x Poly, + Poly,,_ 2 by 
A( P, Q) = PQ’ - P’Q, 
where P’and Q’ are the first derivatives of P and Q. 
LEMMA 2.2. Jf P, Q E Poly, and A(P, Q) = 0, then P = e”Q for some 
KEC. 
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Proof d( P, Q) = 0 if and only if PQ’ - P’Q = 0, in which case 
P’ Q’ -=- 
P Q 
as rational maps. 
On a neighborhood of point z disjoint from the zeroes of P and Q, (1) 
yields 
dlog P=dlog Q 
log P=log Q+K for some KE C 
P=ekQ (2) 
near z. Since P and Q are polynomials, (2) holds on all of C. 1 
PROPOSITION 2.3. For d > 2, there is a complex analytic map 
@,: G2( Poly,) + PZdp 2 
satisfying: 
(i) Zf XE G,(Poly,) represents a class [R] E Rat,, then Qd(X)~ 
PZdp * corresponds to the polynomial whose roots are the critical points of R. 
(ii) The maps @d are compatible with the standard inclusions of 
G2(Polyd) into G,(Poly,+ 1) and PZd-* into P2’d+1)-2. 
Proof If P, Q E Poly, span a two-plane XE G,(Poly,), then it follows 
from Lemma 2.2 that A(P, Q) is a nonzero vector in Poly,,_,. A second 
basis {PO, Q,} for X is transformed into {P, Q} by a matrix 
E GL(2, C). 
Therefore, 
A@‘, 12) = (~8 - BY 1. A(Po, Q,, 
so that A(P, Q) and A(P,, Q,) determine the same element of P2dp2. 
Hence there is a well defined map @,: G,(Poly,) + P2d--2 given by 
@c&f) = CA(P, Q,l 
that satisfies the compatibility condition (ii) by construction. 
If X represents [R] E Rat,, then the zeroes of A(P, Q) are the branch 
points of CR] = [P/Q] so (i) is satisfied as well. 1 
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Both G,(Poly,) and P2d-2 are complex (2d- 2) manifolds, therefore the 
maps Qp, have a well defined degree which we will compute in Section 3. 
For the moment, we focus on d= 2: 
PROPOSITION 2.4. cD2 : Gz(Poly2) -+ P2 is a homeomorphism. 
ProoJ For A(z) = t2z2 + tlz+ tOe Poly, -0, let X, E G,(Polyz) be the 
plane spanned by 
P(z) = {;z’ - to and Q(z)=~~~z+<, if t2#0 
P(r)=<,z+& and Q(Z) = 1 if t,=O and 5, #O 
P(z)=? and Q(z) = 1 if [r = c2 = 0. 
Then X, depends only on [A] E P2, and [A] + X, is an inverse to Q2. 1 
3 
There is, up to projective equivalence only one normal, degree d embed- 
ding of E of P’ into P“, given by the formula 
z-+ [(l,z,?, . ..) ZO)], Z-EC 
co + [(O, 0, . . . . I)]. 
Let Ptpz c Pd be a codimension two subspace disjoint from the image of 
E. A projection n from Pd- Pt-’ onto the orthogonal complement Ph to 
Pi-’ is defined by 
I-C(W) = H,. n PA, 
where H,, is the hyperplane spanned by w  and Pi- ’ (see Fig. 3.1). 
The composite 710 E: P’ + PA is generically d to 1 (Bezout’s Theorem) 
and is therefore a degree d rational map determined up to a choice of coor- 
t 
Pod-2 
--T----j 
E E PI 
---I w 
fg l-w P,’ 
FIGURE 3.1 
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dinates in the range. In other words, n 0 E is precisely an element [R] of 
Rat,, and Pod-* is by definition the base locus of [RI. 
Varying the choice of base locus varies the class in Rat,. In fact, there 
is a bijection between Rat, and the space of codimension two subspaces of 
Pd disjoint from E(P’). 
A point z E P’ is a degree (k - 1) critical point of E 0 rr if the intersection 
number of H,=, with E(P’) at E(z) is k > 2. In particular, z is critical if and 
only if the tangent space TECZ) to E(P’) is contained in HE(=) if and only if 
TEcZ, intersects the base locus Pt-‘. 
Therefore, the number of classes [R] E Rat, with critical points 
ic 1,...,~2d-~} b d d b is oun e a ove by the number of codimension two sub- 
spaces intersecting the projective lines TECC,, for all i between 1 and (2d- 2). 
If the cis are distinct, Bezout’s theorem implies that the lines TECc,) are in 
general position. This suggests the following problem from enumerative 
geometry: 
Given projective lines I,, . . . . I,,- = in general position in P”, 
how many codimension two subspaces intersect all of 
them? 
Reformulating this in terms of Grassmannians, we ask: 
Given two dimensional subspaces X, , . . . . X2,- 2 E G2( Poly,) 
in general position, for how many (d- 1) dimensional 
subspaces Y c Poly, is dimension (Y n Xi) 2 1 for all i? 
The dual presentation of this question fits better with our setup: 
Given (d- 1) dimensional subspaces Y,, . . . . Y,,-, of 
Poly, in general position, for how many two dimensional 
subspaces XE G,(Poly,) is dimension (Xn Yi) 2 1 for 
all i? 
Let Vi denote the subvariety consisting of XE G,(Poly,) such that the 
dimension (Xn Y,) is not less than 1. The answer to the third question 
(and thus to the first and second as well) is equal to the number of points 
in V, n .. . n V,,-,. 
The Vi’s are codimension one subvarieties of G,(Poly,) all representing 
the same homology class in H,,- 4 (G,(Poly,)). (In the notation of [GH], 
which we will explain below, this class is denoted a,,,.) Therefore, the car- 
dinality of n Vi is (generically) equal to the intersection number o:fO-*, 
which we will compute. 
For (d-l)>i>jaO, let oi,i be the subvariety of X~G,(poly,) such 
that the dimension of Xn Poly,-,- 1 is not less than 1 and XC Poly,- j. 
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The (T,,,‘s are complex codimension (i + j) cycles representing homology 
classes also denoted di,i. 
PROPOSITION 3.1 [GH, p. 1961. The additive integral homology 
H, (G2(Polyd)) is freely generated by the d(d+ 1)/2 classes cr.,. 
Sketch Proof. There is a cell structure for G,(Poly,) whose open cells 
gi, j, (d- 1) > i >j 3 0 are dense subsets of the respective o,,ls, hence the 
o~.~‘s are generators. Since the real dimension of each cell is even, there are 
no relations. 1 
The multiplicative structure of H,(G,(Poly,)) is induced by the intersec- 
tion pairing: a (complex) m-cycle [T intersects an n-cycle t (generically) in 
a 4d-4-2(m + n) cycle whose homology class (Q, z) depends only on the 
classes of c and 5. In particular, if m + n = 2d- 2, (c‘, r ) is an integer 
(identifying the generator cd- i+ i of H,(G,(Poly,)) with 1 E Z). 
A thorough description of the intersection pairing is in [GH, Chap. 2, 
Sect. 51. Fortunately, the calculation of 0 :pO- * is a special case covered by 
Pieri’s formula: 
PROPOSITION 3.2 [GH, p. 2031. 
(a103 Oi,j> = Oi+ I,, + ci.j+ 13 i>j 
= ai+ 1,it i= j. 
PROPOSITION 3.3. The (2d - 2) fold intersection number a~$’ is equal to 
the Catalan number p(d) E H,( G2( Poly,)) z Z. 
ProoJ: By Proposition 3.1, the k-fold intersection homology class o’;,, 
can be written as a linear combination of codimension (k + 1) classes u~,~: 
where ai, j = 0 in H, (G2( Poly,)) if i > (d - 1). Therefore 
2d-2- 
a1.o - c n i, j  a i, j  
i+j=2d-2 
O<r<j 
=nd-l,d-lad-I,d-l in Ho(G,(P“lY,)) 
= nd- I,d- 1 e z. 
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From Pieri’s formula, it follows that 
n, j= ni- 1, j + 12i j- 13 i>j 
= ni,iL 12 i = j. 
Therefore, a straightforward induction (Fig. 3.2) shows 
ni,j=(iti,‘)-(it~T’), i>j 
=ni,j-l, i= j. 
In particular 
= p(d) 
=0 ::‘,-’ E Ho(G#‘ol~,)). I 
Proposition 3.3 asserts that generically, p(d) is an upper bound for the 
number of classes [R] E Rat, with a fixed configuration of critical points. 
A more formal statement is 
THEOREM 3.4. For d > 2, degree cD~ = p(d). 
Proof: Poincare dual to the homology class CJ~,~ E HAd- 6(Gz(PolyJ) is 
the first universal Chern class y, which generates H2(G2(Poly,)) for all d 
[GH, p. 4101. 
Furthermore, H*(P2d-2) is a truncated polynomial algebra on 
y1 E H2(P2d-2) where yTd-’ = 0, and from Proposition 2.4 it follows that 
@~*YI =YI l H*(G,WY,)). 
I I ~2.0 nl,l 
I 2 “3.0 “2.1 
I 3 2 “4.0 “3.1 b.2 
I 4 5 n5.0 “4.1 “3.2 
1595 “6.0 n5.1 n4.2 “3-3 
I 6 14 14 “7.0 5.1 52 “4.3 
17202814 “6.0 n7.1 5.2 ng.3 “4.4 
I 8 27 48 42 “9.0 k3.1 “7.2 n6.3 “s.4 
FIGURE 3.2 
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Proposition 2.3 now implies 
@,*Y, =YI ~~*U%WY~J) 
for all d, therefore 
cjqYfd-*)= (@d*l,l)*d-* 
=Y~~‘EH~~~~(G~(Po~~~)). 
Finally, 
Zd-2 Zd-2 
Yl =01.0 
by Proposition 3.3. 1 
COROLLARY 3.5. @d is surjective for all d > 2. 
4 
We study in greater detail the maps @d: G,(Poly,) + P2d-2 and verify 
unreferenced assertions made in Section 1. 
Analogous to the factorization of the rational map of P’ given in Sec- 
tion 3 is a factorization of @d into an embedding followed by projection 
from a base locus. 
If P(Z) = Cz ajz’ and Q(Z) = 1: b,zjE Poly,, then 
P/IQ = 1 o,~~z~Az 
O<r<j<d 
is an element of A2 Poly, z Cdcd+ ‘)I*, where 
oi, j = a,bj - ajbi. 
Recall the Plucker embedding [GH; p. 2091 of G,(Poly,) into Pdtd+ ‘)‘*-’ 
defined 
‘?&) = Cf’AQl 
for any basis {P, Q} of X. 
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Now A(P, Q) = Cz”-’ 4;.zi where 
(,= C (j-i)(aibj-ajbi) 
i+j=m+l 
= 1 (j-i) o~,~. 
i+j=m+l 
Consequently, the transformation L: A2 Polyd + Poly2d- 2 defined by 
UPAQ) = AV’, Q, 
is a linear map whose kernal K is a dimension (d- 4)(d- 1)/2 subspace of 
A2 Polyd. The restriction of L to A2 Polyd- K projects to a map 
p,y pd(d+ 1 )I2 - 1 _ PK + p2d- 2 
and the diagram shown in Fig. 4.1 commutes. 
Up to a choice of coordinates in the range, PL is just projection n from 
the base locus PK onto its orthogonal complement Pid-‘. Hence there is 
a linear embedding eZdp2: PZd-’ + Pid-* such that the diagram shown in 
Fig. 4.2 commutes. 
To simplify the notation we do not distinguish between the spaces Pid-’ 
and ezd-2(P2d-2). 
The next proposition is also in [F, p. 2741. 
h0P0sIT10N 4.1. The degree of the Plucker embedding 
E,: G2(POlyd)-rpd(d+')'2~' 
is p(d). 
Proof: For BEPfp2, let HB denote the linear subspace spanned by PK 
and B. If B is a regular value of rc, H, intersects the image of Ed in (degree 
Qd) = p(d) points, each with multiplicity one. 1 
A2 Poly, - K 
L 
+ POlyzo.* - 0 
pd(d+ I)/2 - I - pi -+ p2d-2 
G2(polyJ 
FIGURE 4.1 
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e262 
pd(d+ I J/2 - I - pi - pza-2 
FIGURE 4.2 
Proofs of 1.2 and 1.3. Suppose BE SZdp2(P’) and denote by n(B), the 
number of classes of rational maps in Rat, with branch set B. Now n(B) 
is equal to the cardinality of (Rat,n @; ’ (B)) which is a subset of the 
algebraic subset 
@d’(B) = H,n G,(Poly,) 
c p&d+ I l/2 ~ 1 
If the dimension of @d’(B) is greater than zero, 
dimension( H,) = (d - 2)(d - 1)/2 
< dimension( PK) + dimension( @; ‘(B)) 
which implies the absurd statement 
PKn@;‘(B)#qi 
(See [M, p. 571). Therefore, dimension (Q;‘(B)) = 0 and 
n(B) < #(Q;‘(B)) 
d degree E, = p(d) (1) 
by Proposition 4.1. 
This proves the inequality in Theorem 1.3 
Any two-plane XE G,(Poly,) which is not in Rat, corresponds to a 
degenerate form of a class of lower degree maps. Basis polynomials 
P(&ajz Q(Z)&,z’ 
0 0 
for such an X satisfy either 
(i) a,=b,=O, or 
(ii) P and Q have a common factor (z - c). 
In the former case, cc occurs as a component of B with multiplicity > 1; 
in the latter, CE B with multiplicity > 1. It follows that, if the components 
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of B are distinct, XE @y’(B) cannot satisfy (i) or (ii) and is therefore in 
Rat,. Since Qd is surjective (Corollary 3.5), Theorem 1.2 is proved. 
Let Deg,,-, c S,,-,(P’) denote the degenerate locus of B’s for which 
the inequality in (1) is strict. If BE Deg,,- *, then either 
(i) B is not a regular value of Qd, in which case some Xe@i’(B) 
has multiplicity > 1, or 
(ii) some iYe@;’ is not in Rat,. 
Therefore, the nondegenerate locus Szd- *(Pi) - Deg,,- 2 contains the 
intersection 
{B/each ci has multiplicity 1 } n (regular values of Qd} 
which is the complement of an algebraic set. Hence, S,,_,(P’) - Deg,,-, 
contains a Zariski open subset of S,,_ z(P’). 
This completes the proof of 1.3. 1 
We will show by example that, even in degree 3, the degenerate locus 
intersects the submanifold of B’s with distinct components. 
Proof of 1.4. PGL(2, C) acts on S,,-*(Pi) by 
M.(c,, ..-, c,,-,I= (MC,), ..., M(C2d-2)) 
so that if B is the branch set of R, A4 -i . B is the branch set of R 0 M. 
Consequently, n(B) = n(M. B) for any ME PGL(2, C), BE SZd- JP’). 
Every distinct four-tuple is PGL(2, C) equivalent to one of the form 
{ 1, 0, co, c} and we will find all such four-tuples B for which n(B) = 1. 
If { LO, co, c> is the branch set of [R] E Rat,, there is a unique rational 
map representing [R] of the form 
a2, a,,, b, E C. 
Then 
P(z) z3 + azz2 + a, -= 
Q(z) z+bO 
(PQ’ - P’Q)(z) = 2z3 + (3b, + aa) z2 + 2a, b,z - a, 
has zeroes at 0, 1, and c if and only if 
a, = 0 
3b, + a2 
-= -(l +c) 
2 
a2b,=c. 
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Solving for b, in terms of c 
b 
0 
= -(l+c)+$5z 
3 
(2) 
In general there are for each c, two distinct choices for 6, corresponding to 
the distinct classes in Rat, which branch at { 1, 0, cc, c}. If c = (1 f a)/2, 
then (2) has a single (multiplicity two) solution, generating only one class 
in Rat, with this branch set. 1 
EXAMPLES. (i) The rational map 
-3 + (3( 1 + i &(3 + i $,)z’ 
R(z) = A 
z+(3+i$)/6 
represents the only class in Rat, with branch set (LO, cc, (1 +$)/2}. 
(ii) The ratonal maps 
R,(z) =s 
z3 + 22’ 
R,(z) = 2+2 
satisfy Q3(Ri) = (0, co, 2,2} for i = 1, 2 but R, is a degenerate form of the 
degree two map z + z2. 
(iii) The degree three rational maps 
-3 + jz’ 
R,(z)=% 
-3 + (5/3)? 
R,(z)=- z+3 
are not equivalent by postcomposition with a Moebius transformation; 
however, both branch at (0, - 2 + i, - 2 - i, 00 }. 
We conclude with two open questions: 
PROBLEM. Describe in detail the ramification sets of the maps Qj,. 
PROBLEM. Given a (2d- 2) tuple BE SZd- *(P’), how many equivalence 
classes of rational maps module precomposition with Moebius transforma- 
tions have B as a set of branch values ? The existence of rational maps with 
specified sets of branch values is discussed in [Th]. 
ACKNOWLEDGMENTS 
It is a pleasure to thank the Institute for Advanced Study for its hospitality during the 
preparation of this article. The author is especially grateful to Professor John Milnor for his 
numerous contributions to this work. 
144 LISA R. GOLDBERG 
REFERENCES 
CDT1 A. DOLD AND R. THOM, Quasifaserungen und unendliche symmetrische Produkte, 
Ann. of Math. 67 (1958) 239-281. 
WI I. M. H. ETHERINGHAM, Some properties of non associative combinations, 
Edinburgh Math. Notes 32 (1940) 1-12. 
CFI W. FULTON, “Intersection Theory,” Springer-Verlag, New York/Berlin, 1984. 
[GH] P. GRIFFITHS AND J. HARRIS, “Principles of Algebraic Geometry,” Wiley, New York, 
1978. 
WI D. KNUTH, “The Art of Computer Programming: Fundamental Algorithms,” p. 531, 
Addision-Wesley, Reading, MA, 1973. 
[LCRB] LAME, CATALAN, RODRIGUEZ, AND BINET, J. Math. 3, 4 (1838-1839). 
CM1 D. MUMFORD, “Algebraic Geometry I--Complex Projective Varieties,” Springer- 
Verlag, New York/Berlin, 1976. 
CThl R. THOM, L’Equivalence d’une fonction differentiable et dun polynome, Topology 3, 
Suppl. 2 (1965), 297-307. 
CT1 D. TISCHLER, Critical points and values of complex polynomials, preprint. 
